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Abstract

Convective heat transfer in a rectangular microchannel under slip flow and H1 boundary condition is studied. Integral transform
applied to derive the velocity and temperature distributions and thus the average Nusselt number. It is found that rarefaction has a
effect on heat transfer for most engineering microchannel applications, with any aspect ratios. However, an increase in heat tra
rarefaction is investigated when the influence of temperature jump on solid boundaries is weak. It is also found that the effec
temperature on the heat transfer is negligible. The results of paper for the special case of non-slip flow coincide with the results o
studies.
 2005 Elsevier SAS. All rights reserved.
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1. Introduction

The need for high heat fluxes in small electronic and o
devices has caused the microscale heat transfer to b
subject of studies in the past few years. As of today, m
studies and attention are required to develop the micros
heat transfer field. As the size of devices falls in the orde
a few 100 microns, the physics of fluid flow and heat trans
in such devices changes substantially. Slip flow is an ex
ple of such change in the physics of the microscale fluid fl
and heat transfer problems.

A gaseous flow at low pressure or in a very small pass
does not obey the classical continuum physics. Contrar
the fluid flow in continuum physics, such a flow exhibits
nonzero flow velocity at solid boundaries and a nonzero
ference between temperatures of solid boundaries and
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near solid boundaries. In other words, a slip flow and a t
perature jump (non-equilibrium thermodynamics) will
present at solid boundaries, which are major effects of
efaction and change in the physics of flow.

The slip flow problem in microtubes has been wid
conducted by investigators [1–8]. However, slip flow in m
crochannels has not been conducted as much as the slip
in microtubes. Since the slip flow in microchannels requ
a two-dimensional approach, its solution is relatively di
cult compared to that of the slip flow in microtubes. So
of the slip flow studies in microchannels are summari
here. Yu and Ameel [9] studied slip flow heat transfer
microchannels and found that heat transfer increases
creases, or remains unchanged, compared to non-slip
conditions, depending on two dimensionless variables
include effects of rarefaction and the fluid/wall interactio
Kavehpour et al. [10] have conducted the effects of co
pressibility and rarefaction in microchannel heat trans
under slip flow. They found that compressibility and raref
tion become important on microchannel heat transfer un

slip flow for high and low Reynolds numbers, respectively.
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Nomenclature

a long side of microchannel
An constant defined by Eq. (37)
b short side of microchannel
Bn constant defined by Eq. (38)
cP Specific heat
Cn constant defined by Eq. (49)
C′

n constant defined by Eq. (50)
Dh hydraulic diameter
Dn constant defined by Eq. (54)
Ft thermal accommodation coefficient
Fv tangential momentum accommodation coeffi-

cient
k thermal conductivity
K kernel
Kn Knudsen number
Nu Nusselt number
p fluid pressure
P normalized pressure gradient
Pr Prandtl number
q ′ thermal power per unit length of microchannel
R specific heat ratio
S1, S2, S3, S4 constants introduced for simplicity
T temperature

T
�

nondimensional temperature
u fluid velocity

u
� nondimensional fluid velocity
v dependent variable defined by Eq. (20)
x, y, z nondimensional coordinates

Greek symbols

α thermal diffusivity
β nondimensional variable defined by Eq. (58)
βt nondimensional variable defined by Eq. (3)
βv nondimensional variable defined by Eq. (4)
γ aspect ratio
λmfp molecular mean free path
µ eigenvalues
ρ density
θ dependent variable defined by Eq. (21)
θ̄ transformed dependent variable defined

by Eq. (46)
ξ, η, ζ coordinates

Subscripts

b bulk property
m mean value
n index
s fluid property near the wall
w wall value
0 inlet property
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Vasudeviah and Balamurugan [11] studied incompress
convective heat transfer in a microchannel with respec
rarefied gas flows and found analytical expressions for
mean Nusselt number. Tunc and Bayazitoglu [12] stud
microchannel heat transfer under slip flow and H2 bound
condition (constant axial and peripheral heat flux) and fo
that increasing the rarefaction shows a decreasing effe
the heat transfer.

The purpose of this paper is to find the temperature di
bution and thus the mean Nusselt number in a microcha
under slip flow and H1 boundary condition (constant ax
heat flux and uniform peripheral wall temperature). The
tegral transform method is applied to solve the momen
and energy equations. An explicit expression is found
the mean Nusselt number, which is a function of the
pect ratio, the wall temperature and the rarefaction includ
the effects of thermal and momentum accommodation
tors.

The results of the paper for the special case of non-
flow (Kn = 0) coincide with the results of Morini [13] who
solved the non-slip flow in ducts under H1 boundary c
dition. The numerical values of Nusselt number found
this paper are also in good agreement with the nume
values of the “developed” Nusselt number found by Yu a

Ameel [9].
l

2. Problem statement

Consider a hydrodynamically and thermally develop
steady flow in a rectangular microchannel. If the flow pr
sure is low, or, the microchannel sizes are very small, wh
is supposed to be the case in this paper, a slip flow
curs. Different from non-slip flow, the flow velocity is n
longer zero at microchannel walls under slip flow. A mole
ular flow with nonzero velocity at microchannel boundar
occurs. Apart from nonzero flow velocity at the boundar
a nonzero difference between the temperatures of the bo
aries and the flow near the boundaries occurs as well.
effect of rarefaction on flow properties is quantified by int
ducing the Knudsen number, which is defined as the rati
the mean free molecular path to the characteristic lengt
flow field. The Knudsen number equal to zero correspo
to non-slip flow with zero flow velocity and zero diffe
ence between the temperatures of the boundaries and
cent flow. As the Knudsen number takes a nonzero va
a slip flow with nonzero flow velocity at the boundari
and nonzero temperature difference between the bound
and adjacent flow takes place. The higher Knudsen num
causes higher rarefaction effects, namely, higher flow ve
ity and temperature jump at the boundaries. Beskok and

niadakis [14] give the classification to differentiate the flow
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types. In this paper the concentration is on the slip flow w
10−3 � Kn < 10−1.

The flow is governed by the Navier–Stokes equati
if the continuum condition (very low Knudsen numb
Kn < 10−3) is satisfied. The continuum form of flow doe
not exist in a microchannel under slip flow. Therefore
slip flow solution by using the Navier–Stokes equations m
result in no negligible deviations in the hydrodynamic a
thermal properties of the flow. However, the general
lief of the investigators is that the Navier–Stokes equati
may be used for slip flow solution with high accuracy p
vided the boundary conditions are modified according to
slip flow characteristics. Modification of the boundary co
ditions (nonzero flow velocity and temperature jump at
boundaries) removes the error raised by not properly u
the Navier–Stokes equations in slip flow solution. The p
cedure is explained in the following sections.

3. Governing equations and modified boundary
conditions

The geometry of the microchannel is shown in Fig.
The H1 boundary condition implies that the wall temp
atureTw is uniform along perimeter at a specifiedζ -cross
section of microchannel and it increases linearly withζ . The
H1 boundary condition will be matched with slip flow pro
erties to determine the modified boundary conditions.

If the problem under consideration was a non-slip flo
the temperature of the flow near the wall would be equa
the wall temperatureTw and the velocity of the flow nea
the wall would be equal to zero. Since the problem un
consideration is a slip flow, the temperature of the flow n
the wall is no longer equal to the wall temperature and
velocity of the flow near the wall is no longer zero. The lo
temperature and velocity of the flow near the bottom wall
given by Barron et al. [1], as

Ts(ξ) = Tw + βtλmfp
∂T

∂η

∣∣∣
η=0

(1)

us(ξ) = βvλmfp
∂u

∂η

∣∣∣
η=0

(2)

where
Fig. 1. The geometry of microchannel.
βt = 2− Ft

Ft

2R

1+ R

1

Pr
(3)

βv = 2− Fv

Fv

(4)

The parametersFt andFv are thermal accommodation c
efficient and tangential momentum accommodation co
cient, respectively. For real walls some molecules refl
diffusively and some reflect specularly. These coefficie
are defined as the fraction of molecules reflected di
sively [15]. Depending on the fluid, the solid and the surf
finish these coefficients vary from 0 to 1.

Eqs. (1) and (2) will guide us to set the modified therm
and hydrodynamic boundary conditions of the flow at
walls. The local temperature and velocity of the flow near
walls will be integrated along the walls and averaged o
the perimeter to set the thermal (Ts) and hydrodynamic (us)

boundary conditions at the walls, respectively.
The governing Navier–Stokes equations (ζ -direction mo-

mentum and energy equations) for a hydrodynamically
thermally developed flow are

∂2u

∂ξ2
+ ∂2u

∂η2
= 1

µ

∂p

∂ζ
(5)

∂2T

∂ξ2
+ ∂2T

∂η2
= u(ξ, η)

α

∂T

∂ζ
(6)

The modified hydrodynamic and H1 thermal boundary c
ditions according to the slip flow assumption are

u = us at ξ = 0, ξ = a, η = 0, η = b (7)

T = Ts at ξ = 0, ξ = a, η = 0, η = b (8)

The axial variation of fluid temperature is approximated
the following form by providing an energy balance for
arbitrary differential dζ segment of the microchannel

∂T

∂ζ
= q ′

ρcP umab
(9)

whereum represents the mean fluid velocity, which is d
fined as

um = 1

ab

b∫
0

a∫
0

u(ξ, η)dξ dη (10)

The momentum and energy equations and the mod
boundary conditions are nondimensionalized by introduc
the following nondimensional variables.

x = ξ

a
, 0� x � 1 (11)

y = η

a
, 0� y � γ ≡ b

a
(12)

u
�
(x, y) = u(ξ, η)

um

(13)

� T − T0

T =

(q ′/k)
(14)
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The nondimensional momentum and energy equations
associated boundary conditions are found as

∂2u
�

∂x2
+ ∂2u

�

∂y2
= P (15)

∂2T
�

∂x2
+ ∂2T

�

∂y2
= 1

γ
u
�
(x, y) (16)

u
� = u

�
s atx = 0, x = 1, y = 0, y = γ (17)

T
� = T

�
s atx = 0, x = 1, y = 0, y = γ (18)

where the normalized pressure gradientP is defined as

P = a2

umµ

∂p

∂ζ
(19)

Each of the nondimensional momentum and energy e
tions contain four nonhomogeneous boundary conditio
The nonhomogeneous boundary conditions of the no
mensional momentum and energy equations iny-direction
are homogenized by means of change of dependent vari
defined, respectively, as

v(x, y) = u
�
(x, y) − u

�
y(y) (20)

θ(x, y) = T
�
(x, y) − T

�
y(y) (21)

where the auxiliary one directionu�y(y) andT
�

y(y) functions
satisfy the following differential equations and the sa
boundary conditions for the nondimensional momentum
energy equations aty = 0 andy = γ , respectively.

d2u
�

y

dy2
− u

�
y = 0 (22)

d2T
�

y

dy2
− T

�
y = 0 (23)

u
�

y = u
�

s aty = 0, y = γ (24)

T
�

y = T
�

s aty = 0, y = γ (25)

The solutions of system above are found as

u
�

y = u
�

s

1+ eγ

(
ey + eγ−y

)
(26)

T
�

y = T
�

s

1+ eγ

(
ey + eγ−y

)
(27)

By applying the change of dependent variables as defi
above the governing nondimensional momentum and en
equations and associated boundary conditions take the
lowing form, respectively.

∂2v

∂x2
+ ∂2v

∂y2
= P − u

�
s

1+ eγ

(
ey + eγ−y

)
(28)

v = u
�

s − u
�

y atx = 0, x = 1 (29)

v = 0 aty = 0, y = γ (30)

∂2θ ∂2θ 1 � T
�

s (
y γ−y

)

∂x2

+
∂y2

=
γ

u(x, y) −
1+ eγ

e + e (31)
s

θ = T
�

s − T
�

y atx = 0, x = 1 (32)

θ = 0 aty = 0, y = γ (33)

The system above will be solved in two steps. First,
momentum equation (Eqs. (28)–(30)) will be solved to de
mine the velocity distribution. The velocity distribution w
be used to solve the energy equation (Eqs. (31)–(33)) in
next step. Integral transform method is applied to solve b
the momentum and energy equations.

4. Solution of the momentum and energy equations

The momentum equation in slip flow is already solv
by Tunc and Bayazitoglu [12]. Applying a similar procedu
gives the velocity distribution as

u
�
(x, y) = u

�
s

1+ eγ

(
ey + eγ−y

) +
∞∑

n=1

K(µn,y)

×
{

Bn[sinhµnx − sinhµn(x − 1)]
sinhµn

− An

µ2
n

}
(34)

where

K(µn,y) =
√

2

γ
sinµny (35)

sinµnγ = 0, or, µn = nπ

γ
, n = 1,2,3, . . . (36)

An = [−(−1)n + 1
]√ 2

γ

1

µn

(
P − u

�
sµ

2
n

1+ µ2
n

)
(37)

Bn =
√

2

γ

P [−(−1)n + 1]
µ3

n

(38)

P = 1

8S1

{
γ 2 − u

�
s

[
2(eγ − 1)γ

1+ eγ
+ 8S2

]}
(39)

u
�

s = S3

S1

γ

2
[ 1+γ

2γβvKn − 1−eγ

1+eγ

(
1+ S3

S1

) − 4
γ
S2

(
S4
S2

− S3
S1

)] (40)

S1 =
∞∑

n=1

2 tanhµ2n−1/2− µ2n−1

µ5
2n−1

(41)

S2 =
∞∑

n=1

1

µ2
2n−1(1+ µ2

2n−1)
(42)

S3 =
∞∑

n=1

2 tanhµ2n−1/2− µ2n−1

µ3
2n−1

(43)

S4 =
∞∑

n=1

1

1+ µ2
2n−1

(44)

Kn = λmfp

Dh

(45)

The integral transform and inversion formula to be u

in solution of the energy equation are
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θ̄ (µn, x) =
γ∫

0

K(µn,y)θ(x, y)dy (46)

Inversion formula

θ(x, y) =
∞∑

n=1

K(µn,y)θ̄(µn, x) (47)

The kernelsK(µn,y) and the eigenvaluesµn are those
given by Eqs. (35) and (36), respectively.

Applying the operator
∫ γ

0 K(µn,y)dy on Eq. (31) leads
to the transformed form of the energy equation as

∂2θ̄ (µn, x)

∂x2
− µ2

nθ̄(µn, x)

= Cn + C′
n coshµn(2x − 1)/2 (48)

where

Cn = [−(−1)n + 1
]√ 2

γ

1

µn

×
[(

1+ 1

γ

)2(
u
�

s − P

µ2
n

)
− T

�
sµ

2
n

1+ µ2
n

]
(49)

C′
n = [−(−1)n + 1

]√ 2

γ 3

P

µ3
n coshµn/2

(50)

The boundary conditions atx = 0 andx = 1 are also trans
formed as

θ̄ (µn,0) =
γ∫

0

K(µn,y)θ(0, y)dy =
√

2

γ

T
�

s[−(−1)n + 1]
µn(1+ µ2

n)

(51)

θ̄ (µn,1) =
γ∫

0

K(µn,y)θ(1, y)dy =
√

2

γ

T
�

s[−(−1)n + 1]
µn(1+ µ2

n)

(52)

The transformed form of the energy equation, Eq. (48), is
ordinary differential equation the solution of which acco
ing to the boundary conditions, Eqs. (51) and (52), is

θ̄ (µn, x) = Dn coshµn(2x − 1)/2

coshµn/2
− C′

n sinhµnx

4µn coshµn/2

+ C′
nx sinhµn(2x − 1)/2

2µn

− Cn

µ2
n

(53)

where

Dn = [−(−1)n + 1
]√ 2

γ 3

1

µ3
n

(
u
�

s − P

µ2
n

)
(54)
Applying the inversion formula results in
θ(x, y) =
∞∑

n=1

K(µn,y)

×
[
Dn coshµn(2x − 1)/2

coshµn/2
− C′

n sinhµnx

4µn coshµn/2

+ C′
nx sinhµn(2x − 1)/2

2µn

− Cn

µ2
n

]
(55)

Finally, the nondimensional temperature distribution
found by substituting Eqs. (27) and (55) into Eq. (21) as

T
�
(x, y) = T

�
s

1+ eγ

(
ey + eγ−y

) +
∞∑

n=1

K(µn,y)

×
[
Dn coshµn(2x − 1)/2

coshµn/2
− C′

n sinhµnx

4µn coshµn/2

+ C′
nx sinhµn(2x − 1)/2

2µn

− Cn

µ2
n

]
(56)

The only unknown, nondimensional slip temperatureT
�

s ,
may now be determined by nondimensionalizing Eq.
which gives the local nondimensional slip temperature at
bottom wall, and adapting to the other walls as

T
�

s(x,0) = T
�

w + 2γββvKn

(1+ γ )

∂T
�

∂y

∣∣∣
y=0

T
�

s(x, γ ) = T
�

w − 2γββvKn

(1+ γ )

∂T
�

∂y

∣∣∣
y=γ

T
�

s(0, y) = T
�

w + 2γββvKn

(1+ γ )

∂T
�

∂x

∣∣∣
x=0

T
�

s(1, y) = T
�

w − 2γββvKn

(1+ γ )

∂T
�

∂x

∣∣∣
x=1

(57)

where the parameterβ is defined as

β = βt

βv

(58)

Integrating the local nondimensional slip temperatures a
the walls, considering the uniform slip temperature and c
stant wall temperature (H1 boundary condition) along
walls, and averaging over the perimeter of microchannel

the average nondimensional slip temperatureT
�
s as

T
�
s =

[ 1∫
0

T
�
s(x,0)dx +

1∫
0

T
�
s(x, γ )dx

+
γ∫

0

T
�
s(0, y)dy +

γ∫
0

T
�
s(1, y)dy

]

× [
2(1+ γ )

]−1 (59)

Since partial derivative of the temperature with respecy

involvesT
�
s term, the equation above is implicit inT

�
s . Eval-

uating the integrals above and solving for the average no

mensional slip temperature result in its explicit form.
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So far, the nondimensional velocity and temperature
tributions are found, we may also determine the Nus
number as

Nu = hDh

k
= q ′

(2a + 2b)(Tw − Tb)

Dh

k

= γ

(1+ γ )2

1

T
�

w − T
�

b

(60)

where the bulk or average nondimensional temperatureT
�

b

is defined as

T
�

b = 1

γ

γ∫
0

1∫
0

u
�
(x, y)T

�
(x, y)dx dy (61)

5. Results and discussion

The analysis above shows that the Nusselt number

function of the wall temperatureT
�

w, the aspect ratioγ , the
parameterβ and the rarefaction represented by(βvKn). All
the numerical calculations are done using “Mathematica

package with the wall temperature maintained atT
�

w = 0.
The aspect ratioγ varies from 1 (square microchanne

to zero (flat plate). The group(βvKn), representing the rar
efaction effect, ranges from 0.001 to 0.1 in slip flow. T
parameterβ is a function of the thermal accommodati
coefficientFt , the tangential momentum accommodation
efficientFv , the specific heat ratioR and the Prandtl numbe
Pr. For most of engineering applications both theFv and
Ft can be taken equal to unity, which lead toβ ∼= 1.667 for
R = 1.4 andPr = 0.7 [9]. Theoretically,β may vary from
zero to high values such as 100. The particular case w
β = 0 implies that the velocity slip at the solid boundaries
taken into account but the temperature jump is not.

The wall temperature dependence of the heat transf
the microchannel is shown in Fig. 2. The constant N
selt line (Nu = 3.61) in this figure corresponds to non-s
flow βvKn = 0, which does not show any variation with th
wall temperature. As the rarefaction increases by increa
(βvKn), the linear dependence of the Nusselt number on
wall temperature increases. Comparing the slop of the l
in Fig. 2 shows the increasing effect of the wall temperat
on the Nusselt number with increasing rarefaction. Howe
the wall temperature dependence of the Nusselt numb
very weak. Fig. 2 shows that going from zero nondim
sional wall temperature to 1000, causes only a maxim
%3.4 decrease in the Nusselt number. Therefore, the
temperature dependence of the Nusselt number may b
glected in microchannel heat transfer under slip flow and
boundary condition.

Fig. 3 shows the rarefaction effect on the Nusselt nu
ber forβ equal to 1.667, which is a characteristic value
most of engineering microchannel applications. A decre

in heat transfer with increasing rarefaction is investigated for
-

Fig. 2. Variation of the Nusselt number with wall temperature.

Fig. 3. Effect of the rarefaction on the Nusselt number forβ = 1.667.

any aspect ratio. The decrease for low aspect ratios is sh
than that for high aspect ratios. The effect of microchan
size on the heat transfer can be well seen in Fig. 4. The fi
shows that the heat transfer decreases with increasing a
ratio. However, the rate of decrease slows down for as
ratios higher than 0.5, specially at high rarefactions.

Fig. 5 shows the rarefaction effect on the Nusselt num
when the temperature jump on the solid boundaries is
considered (β = 0). Excluding the temperature jump on th
solid boundaries results in an increase in the heat tran
with increasing rarefaction for any microchannel size.
creasing rarefaction causes an increase in slip velocity o
boundaries that in turn causes an increase in heat trans
the absence of temperature jump. As the temperature j
on the solid boundaries becomes slightly effective (low v

ues ofβ), the rate of increase in heat transfer with rarefaction
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Fig. 4. Effect of the aspect ratio on the Nusselt number forβ = 1.667.

Fig. 5. Effect of the rarefaction on the Nusselt number forβ = 0.

slows down. Fig. 6 shows this effect for a relatively low
fluence of temperature jump (β = 0.5). At high values ofβ
a rapid decrease in heat transfer with rarefaction is expe
Fig. 7 investigates such an effect forβ = 10.

The cumulative influence of temperature jump on the h
transfer can be seen in Fig. 8, which shows the variatio
Nusselt number withβ for a microchannel withγ = 0.5. The
straight line on the top of figure (Nu = 4.12) corresponds to
the case when both the velocity slip and temperature ju
on the solid boundaries are absent (non-slip flow). The
transfer, in general, decreases with increasing effect o
temperature jump (increasingβ). However, the figure show
that forβ < 0.5 the heat transfer increases and, forβ > 0.5
the heat transfer decreases with rarefaction.

SettingβvKn = 0 in the calculations recovers the cla
sical non-slip flow in ducts. The numerical values fou
for the Nusselt number withβvKn = 0 agrees exactly with

those found by Morini [13] who solved the non-slip flow
.

Fig. 6. Effect of the rarefaction on the Nusselt number forβ = 0.5.

Fig. 7. Effect of the rarefaction on the Nusselt number forβ = 10.

Fig. 8. Variation of the Nusselt number withβ for a microchannel with

γ = 0.5.
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in ducts under H1 boundary condition. On the other ha
the numerical values of Nusselt number found in this
per are in good agreement with the numerical values of
“developed” Nusselt number found by Yu and Ameel [
Finally, it should be noted that the numerical calculatio
in this paper benefits of the fast convergence of the se
that appear in the velocity and temperature distribution
microchannel. Compared with the works leading to a d
ble infinite series, the present solution is advantageou
terms of calculation time due to the relatively simpler
gebraic form of the series and appearing of a single infi
series.
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